The periodically driven Rice-Mele model supports in the adiabatic limit quantized charge transport, also called Thouless pumping. However, at finite driving frequencies the hybridization of counterpropogating modes results in the breakdown of the quatized transport. Here, by adding periodic losses to the driven Rice-Mele model, we suppress transport in one direction while allowing it in the opposite one. As a result, the quantized displacement can be restored for nonadiabatic conditions. The driven non-Hermitian Rice-Mele model is analyzed in the framework of the Floquet theory and its predictions are confirmed by experiments with evanecently coupled plasmonic waveguide arrays.
Quantized particle transport in a slowly varying, onedimensional potential predicted by D. J. Thouless [1, 2] has played a prominent role in the emergence of topologogy as a concept in condensed matter physics. The simplest example of this effect is the time-dependent version of the Rice-Mele (RM) model [3] , which describes a dimerized tight-binding chain whose system parameters change cyclically along a closed loop in parameter space.
In the adiabatic regime, the net particle transfer per cycle is an integer given by the Chern number, i.e., a topological invariant, and therefore is robust against topology-preserving deformations of the parametric loop. Such nontrivial topology of the Hamiltonian parameter space or band structure was recognized as the overarching concept behind phenomena apparently as diverse as the integer quantum Hall effect [4] , the quantum spin Hall effect [5] , topological insulators [6] , quantum spin [7] or charge pumping [1] , and the electric polarization of crystalline solids [8] . Recently, topological or Thouless pumping was experimentally demonstrated using ultracold atoms in dynamically controlled optical lattices [9, 10] and waveguide arrays [11] .
In realistic systems Thouless pumping generically faces two difficulties. First, at nonzero driving frequencies, unavoidable in experiments, the system becomes topologically trivial. The reason is the coupling between forward-and backward-propagating states such that the adiabaticity of the time evolution is broken [12] [13] [14] . As a result, the Chern number of adiabatic pumping is not well defined, and the particle transport deviates from perfect quantization. Second, realistic experimental systems are to some extent open and subject to dissipation, so that the quantum mechanical time evolution deviates from unitarity, which may prevent the closing of the cycle in Hamiltonian parameter space. This motivates the interest in non-Hermitian (NH) Hamiltonians. Non-Hermiticity can have profound influence on the system dynamics. In addition to ubiquitous exponential decay, it may cause such peculiar phenomena as dissipation-induced localization in the Caldeira-Legget model [15] , unidirectional transmission or reflection [16, 17] , or NH topological edge states associated with exceptional points [18] [19] [20] . Another fascinating example is the so-called non-Hermitian shortcut to adiabaticity [21] [22] [23] , which describes faster evolution of a wavefunction in an NH system than in its Hermitian counterpart.
Here, we introduce time-periodic modulation of dissipation as a new concept to restore topological transport quantization in fast Thouless pumps. In order to analyze systems of this kind theoretically, we generalize the Floquet theory for linear, non-Hermitian periodic systems. Using this formalism, we demonstrate for a driven RM model that time-periodic dissipation can give rise to a band structure in the two-dimensional Floquet-Bloch Brillouin zone (FBBZ), which is characterized by a nontrivial Chern number. Hence, the mean displacement of a wave packet per cycle is quantized even when the driving frequency is fast, i.e., far from adiabaticity. In a real-space picture, the topologically quantized transport comes about, because the time-periodic loss selectively suppresses the hybridization of a right(left)-moving mode with the counterpropagating one. The theoretical predictions are corroborated by experiments on arrays of coupled dielectric-loaded surface plasmon-polariton waveguides (DLSPPWs) [24] , where we have chosen a periodic modulation of the dissipation so as to realistically mimic particle loss.
Non-Hermitian Floquet theory. We consider a periodically driven RM model [14, 25] with additional onsite, periodic dissipation,
where j runs over all unit cells,Ĥ RM (t) is the Hamiltonian of the periodically driven, nondissipative RM model andΓ(t) describes the losses.â † j andb † j (â j andb j ) are creation (annihilation) operators in unit cell j on sublattice A and B, respectively. The inter-/intra-cell hopping amplitudes, sublattices, u a (t) and u b (t), are all real-valued, periodic functions of time with period T = 2π/Ω according to
with u 0 , J 0 , λ > 0, and ϕ = 0 (unless otherwise specified). The choice of the hopping amplitudes is motivated by the exponential dependence of the wave-function overlaps on the spacing λ(1 − sin Ωt) between neighboring sites, as in our experiment below. In our NH modification of the RM model, the time-periodic decay rates γ a (t) ≥ 0 and γ b (t) ≥ 0 are nonzero once the onsite potential exceeds the mean value [u a (t) + u b (t)]/2 = 0. This resembles, for instance, a realistic situation where particles in a trapping potential are lost from the trap once the trapping potential is not sufficiently deep. Thus, we choose γ a (t) = −γ 0 Θ(u a (t)) cos(Ωt + ϕ), γ b (t) = γ a (t − T /2). 
where the coefficients have the above time dependence, σ x , σ y , σ z are the Pauli matrices acting in (A, B) sublattice space, and k and a denote momentum and the lattice constant, respectively.
We now develop the Floquet formalism for non-Hermitian systems.
Due to time periodicity the eigenstates ofĤ k obey the Floquet theorem [26] [27] [28] , |Ψ kα (t) = e −iε kα t |φ kα (t) , where a Greek index α ∈ {+, −} denotes the band index originating from the two sublattices and |φ kα (t) = |φ kα (t+T ) = n e −inΩt |u n kα are time-periodic states. The non-Hermiticity is accounted for by complex quasienergies ε kα . Note that for nonlinear (or interacting) Hamiltonians this would generally not hold due to decaying density terms in the Hamiltonian. By construction, the |φ kα (t) obey
The discrete Fourier components |u n kα are determined by the time-independent Floquet Schrödinger equation
where H mn k,ab = [H mn k,ab − nΩδ mn δ ab ] is the Floquet Hamiltonian and H mn k,ab the Fourier transform of H k (t) in discrete Floquet frequency space.
In NH quantum mechanics, the exponential decay of expectation values, like the density Ψ kα (t)|Ψ kα (t) = e −2γ kα t , γ kα = −Imε kα > 0, reflects the lossy dynamics. In addition, it is not clear how a NH Hamiltonian would act in the dual Hilbert space of "bra" states Ψ kα (t)|, since simple Hermitian conjugation would yield for Ψ kα |Ĥ k |Ψ kα the ambiguous results of either ε kα or ε * kα , depending on whether one choosesĤ k to act to the right or to the left. As a result, it is difficult to construct an orthonormal basis of Hilbert space with respect to the usual scalar product of quantum mechanics.
However, in order to describe the real-time evolution as in the experiments, it will be necessary to expand a state |Ψ(t) prepared with a given initial condition |Ψ(t = 0) in terms of the known Floquet-Bloch states |Ψ kα (t) . For the sake of such expansions, an unambiguous scalar product can be constructed in the following way [22, 29] :
. It is then easy to show that the Floquet states fulfill the biorthonormality relation (for non-degenerate ε kα = ε k β ) Ψ kα (t)|Ψ k β (t) = δ kk δ αβ at any time t. In particular, the state |Ψ(t) is expanded as
where the expansion coefficients C kα are calculated using the biorthogonality relation at the initial time t = 0. Note that the |φ kα are also orthonormal due to spatial translation invariance at any instance of time, φ kα |φ k β = δ kk δ αβ , but they do not form a complete basis for the lossy wave functions, since they do not decay in time.
Using this expansion and the form of the Floquet states, the spectral occupation distribution of a drivendissipative state |Ψ(t) initialized at t = 0 is straightforwardly computed as the Fourier transform 
right moving r. m. l. m. Dissipative transport quantization. In all calculations below, we assume u 0 = J 0 = 1, λ = 1.75 and all energies are given in units of J 0 . As initial conditions for the time evolution we will always choose delta-like input on a single site of the sublattice A or B. For an adiabatic Thouless pump the number of particles transported by one lattice constant per cycle is given by the Berry phase, i.e., the Berry flux penetrating a closed loop in Hamiltonian parameter space, and is therefore quantized, where time plays no role [1] . Any nonzero driving frequency Ω turns the problem into an effectively two-dimensional (2D) one due to the periodicity in space and time. In this case, the Hermitian RM model possesses two counterpropagating chiral Floquet bands in the 2D FBBZ {−Ω/2 ≤ ε < Ω/2; −π/a 0 ≤ k < π/a 0 } [12, 30] , as depicted in Fig. 2 (a) . Quantized tranport in a Floquet band is controlled by the winding or Chern number of the band around the FBBZ [14] . Here we investigate transport quantization in a general, fast pumped, dissipative situation. The velocity operator readsv = dĤ k /dk ( = 1) [14] . In the following we assume constant loss rate, γ kα = γ ≥ 0, which is justified by the numerical calculations, see Fig. 2 (d) . Thus, the spatial displacement of the particle number during a pumping cycle carried by a single Floquet state |Ψ kα (t) with is loss rate −Imε kα = γ kα ≥ 0 is given by
where we have devided off the trivial, exponentially decaying normalization Ψ kα (t)|Ψ kα (t) = e −2γ kα t . The shift per cycle carried by a completely filled band α is obtained by integrating over all k states and reads,
The last equality holds, however, only when the band dispersion ε k continuously winds Z times around the FBBZ, so that the integral amounts to ZΩ = Z 2π T , indicating transport quantization.
In view of the experimental setup discussed below, we also consider the time evolution of states |Ψ A (t) and |Ψ B (t) which have been initialized ("injected") at time t = 0 with nonzero amplitude only at a single site of the A or B sublattice, respectively. It is seen in Fig. 2 that such an injection populates, by Fourier expansion, almost homogeneously an entire right-or left-moving band. Thus, it is a way to create the topologically important complete band filling, which would otherwise be possible only in fermionic systems. In the Hermitian case (γ kα = 0), we see from Fig. 2 (a) that the counterpropagating bands hybridize, accompanied by avoided crossings and gaps with width G opening at the Floquet Brillouin zone boundaries, so that the bands become topologically trivial. As a result, the charge pumped per period deviates from the quantized value. This marks the generic breakdown of quantized Thouless pumping at any finite pumping frequncy Ω, as also noted in [12, 14] .
We now consider the NH RM model driven with γ 0 = 0.4J 0 (see Figs. 2 (b-d) ). Adding losses leads to several profound effects. First, the quasienergies become complex, whereby the right-and left-moving bands acquire considerably different dampings shown in Fig. 2 (d) and seen as different broadenings of the spectral band occupation in Fig. 2 (b) , (c). Second, the two inputs are no longer equivalent in respect to the relative populations of the two bands. In particular, for the input A we almost exclusively excite right-moving states, while for the input B in addition to the lossy left-moving states, we partially populate right moving-states. Third, and most importantly, the gap G closes and, hence, the bands wind around the entire FBBZ. As will be shown below, this restores the quantized transport. Note, that these effects only occur once γ 0 is larger than some threshold value. In order to study this threshold behaviour we numerically evaluated the gap size G at various driving frequencies and loss amplitudes [see Fig. 2 (e) ]. In the Hermitian case (γ 0 = 0) the gap size has a complex oscillatory behaviour [31] as a function of the driving frequency. Our analysis shows that a larger gap size requires stronger damping in order to close it. For instance, at the previously analyzed driving frequency Ω = 1.1J 0 the loss amplitude γ 0 should be larger than 0.3J 0 to close the gap.
Next, we investigate the position of the center of mass (CoM) of the wave-packet x (t) = Ψ(t)| x |Ψ(t) / Ψ(t)|Ψ(t) after up to 5 completed driving cycles at various losses and fixed driving frequency Ω = 1.1J 0 for different initial conditions input A or B (see Fig. 2 (f-g) ). In the adiabatic case the mean displacement is almost +1 (−1) unit cell per cycle for delta-like excitations on sublattice A (B). Slight deviation from unity results from the fact that we cannot exclusively populate a single band with the single-site input. At the driving frequency Ω = 1.1J 0 the displacement per cycle is considerably smaller in the Hermitian case (γ = 0) indicating deviation from the quantized transport. With increasing losses this deviation becomes smaller and smaller for input A. Surprisingly, for the input B we observe that the CoM position switches direction with time. This is due to the fact that even poorly populated low-loss states propagation in positive x-direction start to dominate after the first few periods while the states propagating in negative x-direction are quickly damped.
Experiments. In order to test our theoretical predictions we performed experiments based on DLSPPWs. The experimental realization of the model described by Eqs. (1), (2) is based on the mathematical equivalence between the time-dependent Schrödinger equation in tightbinding approximation and the paraxial Helmholtz equation which describes propagation of light in coupled waveguide arrays [24, 32] . The geometry of a typical sample is sketched in Fig. 3 (a) . The waveguide array represents a dimerized 1D lattice, where each unit cell contains two waveguides, A and B. Here, the propagation direction z plays the role of time. Periodic modulation of the effective hopping amplitudes is reached by sinusoidally varying the spacing between the adjacent waveguides d 1,2 (z) while the on-site potential variation is realized by changing the waveguides' cross-sections (heights h a,b (z) and widths w a,b (z)). In addition, the variation of the waveguides' cross-section affects the instantaneous losses γ a,b (z). When the cross-section decreases, the confinement of the guided mode weakens. As a result, the modes can couple to free-propagating surface plasmon polaritons (SPPs) and scatter out from the array. We employ this effect to introduce time-dependent losses γ a,b (z).
The DLSPPW arrays are fabricated by negative-tone gray-scale electron beam lithography (EBL) [24, 33] . The waveguides consist of poly(methyl methacrylate) (PMMA) ridges deposited on top of a 60 nm thick gold film evaporated on a glass substrate. Fig. 3(b) and (c) depict a scanning electron micrograph and AFM scan, respectievly, of a typical sample. The mean center-to center distance between the ridges is 1.7 µm and the maximum deflection from the center is 0.5 µm. The resulting variation of coupling constants is J 1 (z) = J 0 e −λ(1−sin Ωz) , J 2 (z) = J 1 (z −T /2) with J 0 = 0.144 µm −1 and λ = 1.75.
The cross-section of each waveguide is controlled by the applied electron dose during the lithographic process. By varying the electron dose along the z-axis we modulate the waveguides' cross-sections and hence the propagation constants as β a (z) ≈β − u 0 cos (Ωz + ϕ), β b (z) = β a (z − T /2), whereβ = 6.62 + i0.015 µm −1 corresponds to the mean height 100 nm and the mean width 250 nm of a waveguide. The choice of such geometrical parameters is motivated by the fact that strong losses due to coupling to continuum of free propagating SPPs occur when the height and the width of a waveguide are smaller than the corresponding mean values, i.e., Norm. Int. β j (z) <β. Other sources of losses can be assumed to be independent of z because their variation is negligibly small in comparison to this effect. We note that we work in the single-mode waveguide regime for all cross sections used in the experiments at the free space wavelength of λ 0 =980 nm. SPPs are excited by focusing a TM-polarized laser beam (NA of the focusing objective is 0.4) onto the grating coupler deposited on top of the central waveguide (either sublattice A or B) . The propagation of SPPs in an array is monitored by real-and Fourier-space leakage radiation microscopy [34, 35] .
We first consider a pumping cycle that encloses the critical point. For this purpose we choose the geometrical parameters of the DLSPPW array such that u 0 = 1.1J 0 and Ω = 1.45J 0 . The loss amplitude can be estimated to be γ 0 = 0.8J 0 . The real-space SPP intensity distribution I(x, z) for single cite excitation at site A is shown in Fig. 4 (a) . According to the aforementioned quantum optical analogy this corresponds to the probability density P (x, t) = |Ψ(x, t)| 2 . We observe for all z a strongly localized wave packet, whose CoM is transported in pos-itive x-direction in a quantized manner, i.e., by one unit cell per driving period (see dotted lines), even though the driving frequency Ω is larger than the modulation amplitudes of all relevant parameters.
The corresponding momentum resolved spectrum I(k x , k z ) is obtained by Fourier-space leakage radiation microscopy [36] and is shown in Fig. 4 (b) . We note that this technique provides the full decomposition in momentum components in the higher Brillouin zones [24] . The main feature of the spectrum is a continuous band with average slope a 0 /T . The absence of gaps in the band indicates that the band winds around the 2D Floquet-Bloch Brillouin zone {−Ω/2 ≤ k z < Ω/2; −π/a 0 ≤ k x < π/a 0 }. This is a hallmark of a quantized pumping and confirms our theoretical predictions (see Fig. 2 (b) ).
As a reference measurement, we consider the parametric cycle, where all parameters are changing with the same amplitudes as in the previous case but the phase is chosen as ϕ = π/2. Under these conditions the Hamiltonian is symmetric under space and time inversion. In Fig. 4 (c) we present the real-space SPP intensity distribution for this parametric cycle. In contrast to the previous case the wave packet is spreading and we do not observe CoM transport in x-direction. The corresponding momentum resolved spectrum shows a complicated band structure with multiple band gaps (see Fig. 4 (d) ). Obviously none of the bands winds around the 2D Floquet-Bloch Brillouin zone.
Directional transport of light in periodically curved waveguides can be in principle also achieved by using a simple combination of directional couplers with constant effective mode index, i.e., constant waveguide crosssection [37, 38] . However, due to periodic exchange of power between two coupled waveguides this effect has a resonant character and the period of modulation plays in this case a crucial role. In order to demonstrate that the directional transport in our system has a different origin, we repeat the experiment shown in Fig. 4 (a) for three different driving frequencies Ω (0.7J 0 , 1.1J 0 , 1.45J 0 ). Moreover we prepare two sets of samples, one with modulation of the waveguide cross-section as before (u 0 = 1.1J 0 , γ 0 = 0.8J 0 ) and the second with constant cross-section (u 0 = 0, γ 0 = 0). The measured real space intensity distributions are depicted in Fig. 5(a) . We extract from this data the CoM position after up to 4 complete periods as displayed in Fig. 5 (b) . In the case with cross-section modulation (red markers) the CoM is shifted by one unit cell per period T at all chosen driving frequencies. In contrast, without cross-section modulation (blue markers) the CoM displacement per period at these frequencies is much smaller than in the quantized case and depends on the driving frequency. These measurements confirm that the observed directional transport in our system is not a resonant directional coupler effect.
Up to now we only considered excitation at sub-lattice A (low loss input). The numerical calculations predict that the transport in the opposite direction for single site excitation at sub-lattice B is strongly suppressed by the time-periodic losses. To test this, we perform additional experiments to study how the transport properties depend on the initial conditions for different strengths of cross-section modulation. In doing so we tune the amplitude of the on-site potential u 0 and simultaneously the loss amplitude γ 0 . Fig. 6 (a) shows the real space intensity distributions for the excitation at the waveguides A (left column) and B (right column) for three different cross-section modulations and the driving frequency Ω = 1.45J 0 . The CoM displacement derived from this data is depicted in Fig. 6 (b) (waveguide A: circles, waveguide B: squares). In case of small modulation strength (u 0 = 0.3J 0 , γ 0 = 0.1J 0 , red markers) SPPs excited at site A and B are transported in +x and -x directions, respectively. However, for both inputs the mean displacement of the CoM is less than 1 unit cell per period. For the modulation strength (u 0 = 1.1J 0 , γ 0 = 0.8J 0 , blue markers) input A shows quantized displacement of the CoM while the sign of the mean displacement for input B switches from + to -. This effect becomes even stronger at higher modulation strength u 0 = 1.5J 0 , γ 0 = 1.1J 0 (green) -as predicted by theory (compare with Fig. 2(f-g) ). In conclusion, we devised a generalization of the Floquet theory for linear, non-Hermitian periodic systems. This theory was applied to a non-Hermitian extension of the driven Rice-Mele model. We observed that time-and space-periodic dissipation can lead to the restoration of quantized transport for non-adiabatic driving conditions. This finding can be understood by selective suppression of one of the counter propagating states. In order to confirm the theoretical predictions we used evanesently coupled plasmonic waveguide arrays to implement the model. Combining real-and Fourier space imaging we demonstrated quantized transport of SPPs. In real space the center of masss of the excited SPP wave packet was shifted by one unit cell per driving cycle. In Fourier space, topological transport quantization was witnessed by a chiral Floquet band that winds around the twodimensional Floquet-Bloch Brillouin zone. Generalizing our findings opens up interesting perspectives for using dissipative Floquet engineering to control periodically driven quantum systems. This work was supported by the Deutsche Forschungsgemeinschaft (DFG) within SFB/TR 185 (277625399) and the Cluster of Excellence ML4Q (390534769).
